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Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ ïðîñòðàíñòâî ìíîãîìåðíûõ
íîðìàëüíûõ ðàñïðåäåëåíèé, ñíàáæåííîå òðàíñïîðòíûì ðàññòîÿíè-
åì 2-Âàñåðøòåéíà. Èññëåäóþòñÿ äèôôåðåíöèàëüíûå ñâîéñòâà îïòè-
ìàëüíîãî òðàíñïîðòíîãî îòîáðàæåíèÿ ìåæäó òàêèìè ðàñïðåäåëåíè-
ÿìè. Ðàññìàòðèâàþòñÿ îáîáùåííûå ñðåäíèå ïî Ôðåøå îò ìåð, îïðå-
äåëåííûå íà îñíîâå òðàíñïîðòíîãî ðàññòîÿíèÿ, � áàðèöåíòðû Âàñåð-
øòåéíà. Äëÿ áàðèöåíòðîâ óñòàíîâëåí àíàëîã öåíòðàëüíîé ïðåäåëü-
íîé òåîðåìû, óòî÷íÿþùèé èçâåñòíûå ðàíåå ðåçóëüòàòû òèïà çàêîíà
áîëüøèõ ÷èñåë.

Êëþ÷åâûå ñëîâà: áàðèöåíòð Âàñåðøòåéíà; íîðìàëüíîå ðàñïðåäå-
ëåíèå; öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà.

1 Ââåäåíèå

Îáúåêòû, êîòîðûå ìîæíî ðàññìàòðèâàòü êàê âåðîÿòíîñòíûå ðàñïðåäåëå-
íèÿ, âîçíèêàþò â ñàìûõ ðàçíûõ îáëàñòÿõ. Çà÷àñòóþ íåîáõîäèìî èññëåäîâàòü
èõ, ó÷èòûâàÿ ãåîìåòðèþ ïðîñòðàíñòâà, íà êîòîðîì îíè îïðåäåëåíû. Òàê,
îäèí èç åñòåñòâåííûõ ñïîñîáîâ îïðåäåëèòü �ãåîìåòðè÷åñêóþ� ìåòðèêó ìåæ-
äó ðàñïðåäåëåíèÿìè � ýòî òðàíñïîðòíîå ðàññòîÿíèå (ðàññòîÿíèå Ìîíæà-
Êàíòîðîâè÷à, Âàñåðøòåéíà, Êàíòîðîâè÷à-Ðóáèíøòåéíà è ò.ä.) Ðàññìîòðèì
ïðîñòðàíñòâî P2

(
Rd
)
âåðîÿòíîñòíûõ ìåð íà Rd, îáëàäàþùèõ êîíå÷íûì âòî-

ðûì ìîìåíòîì. Ðàññòîÿíèå 2-Âàñåðøòåéíà ìåæäó ìåðàìè µ, ν ∈ P2

(
Rd
)

îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì [1,2]:

W 2
2 (µ, ν) := min

γ∈Π(µ,ν)

∫
‖x− y‖22 dγ(x, y),

ãäå ìèíèìóì áåðåòñÿ ïî ìíîæåñòâó òðàíñïîðòíûõ ïëàíîâ èç µ â ν, ò.å.
ïî âñåì ìåðàì γ ∈ P

(
Rd × Rd

)
ñ ìàðãèíàëüíûìè ðàñïðåäåëåíèÿìè µ è ν,

ñîîòâåòñòâåííî.
Íàäåëèâ ïðîñòðàíñòâî ìåð ìåòðè÷åñêîé ñòðóêòóðîé, ìîæíî îïðåäåëèòü

ñðåäíåå îò ðàñïðåäåëåíèé (êîòîðîå ìû â äàííîì ñëó÷àå áóäåì íàçûâàòü áà-
ðèöåíòðîì), êàê ñðåäíåå ïî Ôðåøå, êîòîðîå ÿâëÿåòñÿ åñòåñòâåííûì îáîáùå-
íèåì ëèíåéíîãî ñðåäíåãî íà íåëèíåéíûå ìåòðè÷åñêèå ïðîñòðàíñòâà. Ïóñòü
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äàíà ñëó÷àéíàÿ ìåðà µ ∈ P2

(
Rd
)
, èìåþùàÿ ðàñïðåäåëåíèå P è êîíå÷íîå

ìàò. îæèäàíèå äèñïåðñèè. Áàðèöåíòðîì Âàñåðøòåéíà ðàñïðåäåëåíèÿ P íà-
çûâàåòñÿ ìåðà ν∗, ìèíèìèçèðóþùàÿ ñðåäíèé êâàäðàò îòêëîíåíèÿ [3]:

ν∗ = bar(P ) := argmin
ν∈P(Rd)

EW 2
2 (µ, ν).

Èçâåñòíî, ÷òî äëÿ áàðèöåíòðîâ Âàñåðøòåéíà âûïîëíÿåòñÿ çàêîí áîëüøèõ
÷èñåë [4,5,6]: åñëè äàíà i.i.d. ïîñëåäîâàòåëüíîñòü ìåð µ1, µ2, . . . , òî ýìïèðè-
÷åñêèå áàðèöåíòðû

νn = bar(µ1, . . . , µn) := argmin
ν

1

n

n∑

i=1

W 2
2 (µi, ν)

ñõîäÿòñÿ ê áàðèöåíòðó ðàñïðåäåëåíèÿ W2(νn, ν∗) → 0. Òåì íå ìåíåå, â îá-
ùåì ñëó÷àå íà äàííûé ìîìåíò íå èçâåñòíî íèêàêèõ ðåçóëüòàòîâ î ñêîðîñòè
ñõîäèìîñòè áàðèöåíòðîâ, ëèáî îá èõ ïðåäåëüíîì ðàñïðåäåëåíèè.

Â äàííîé ðàáîòå ìû ðàññìîòðèì ÷àñòíûé ñëó÷àé, à èìåííî � íîðìàëü-
íûå ðàñïðåäåëåíèÿ íà Rd (áîëåå îáùî, ìîæíî ðàññìàòðèâàòü òàê íàçûâàå-
ìûå scatter-location ñåìåéñòâà []), è ïîêàæåì, ÷òî äëÿ ýìïèðè÷åñêèõ áàðè-
öåíòðîâ íîðìàëüíûõ ìåð èìååò ìåñòî öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà.

Äëÿ ãàóññîâñêèõ ìåð µ = N (r,Q) è ν = N (m,S) ðàññòîÿíèå 2-Âàñåðøòåéíà
ìîæíî âûðàçèòü â ÿâíîì âèäå [7,2]:

W 2
2 (µ, ν) = ‖r −m‖22 + trS + trQ− 2 tr

(
S1/2QS1/2

)1/2
.

Áîëåå òîãî, åñëè Q è S íåâûðîæäåííûå, òî ñóùåñòâóåò îïòèìàëüíîå òðàíñ-
ïîðòíîå îòîáðàæåíèå, ò.å. îïòèìàëüíûé òðàíñïîðòíûé ïëàí γ∗ ñîñðåäîòî-
÷åí íà ãðàôèêå îòîáðàæåíèÿ T νµ : Rd → Rd, ïåðåâîäÿùåãî ìåðó µ â ìåðó ν.
Äàííîå îòîáðàæåíèå òîæå ïðåäñòàâèìî â ÿâíîì âèäå

T νµ (x) := m− r + TSQx, TSQ := S1/2
(
S1/2QS1/2

)−1/2
S1/2. (1)

Èçâåñòíî, ÷òî ñåìåéñòâî íåâûðîæäåííûõ ãàóññîâñêèõ ìåð çàìêíóòî îò-
íîñèòåëüíî âçÿòèÿ áàðèöåíòðà, à èìåííî: åñëè N (m,S) ∼ P , òî bar(P ) =
N (r,Q), ãäå r = Em è Q � åäèíñòâåííîå ïîëîæèòåëüíî îïðåäåëåííîå ðåøå-
íèå óðàâíåíèÿ

Q = E
(
S1/2QS1/2

)1/2

èëè, ÷òî ýêâèâàëåíòíî,
ETSQ = I,

ãäå I � åäèíè÷íàÿ ìàòðèöà [3].
Òàêèì îáðàçîì, âîïðîñ èññëåäîâàíèÿ áàðèöåíòðîâ Âàñåðøòåéíà îò ãàóñ-

ñîâñêèõ ìåð ñâîäèòñÿ ê çàäà÷å íà êîíå÷íîìåðíîì ïðîñòðàíñòâå ñðåäíèõ è
êîâàðèàöèîííûõ ìàòðèö Rd×Sym+(d). Òàê êàê ñðåäíèå âõîäÿò â âûðàæåíèå
äëÿ áàðèöåíòðà ëèíåéíî, òî áåç ïîòåðè îáùíîñòè ìîæíî îãðàíè÷èòüñÿ ðàñ-
ñìîòðåíèåì öåíòðèðîâàííûõ ðàñïðåäåëåíèé. Ñîîòâåòñòâåííî, â äàëüíåéøåì
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ìû áóäåì îòîæäåñòâëÿòü öåíòðèðîâàííóþ ãàóññîâñêóþ ìåðó ñ åå êîâàðèà-
öèîííîé ìàòðèöåé è ãîâîðèòü î ðàñïðåäåëåíèè è áàðèöåíòðàõ íà ìíîæåñòâå
ïîëîæèòåëüíî îïðåäåëåííûõ ìàòðèö ðàçìåðà d× d.

Ðàáîòà ïîñòðîåíà ñëåäóþùèì îáðàçîì: â Ðàçäåëå 2 ïîêàçûâàåòñÿ, ÷òî
îòîáðàæåíèå Q 7→ TSQ äèôôåðåíöèðóåìî, è èññëåäóþòñÿ åãî ñâîéñòâà. Â
Ðàçäåëå 3 íåïîñðåäñòâåííî äîêàçûâàåòñÿ ÖÏÒ äëÿ ýìïèðè÷åñêèõ áàðèöåí-
òðîâ.

1.1 Èñïîëüçóåìûå îáîçíà÷åíèÿ

×åðåç ‖·‖F áóäåì îáîçíà÷àòü íîðìó Ôðîáåíèóñà (Ãèëüáåðòà-Øìèäòà) ìàò-
ðèöû:

‖A‖2F := trA>A.

Ñîîòâåòñòâóþùåå ñêàëÿðíîå ïðîèçâåäåíèå ìàòðèö îáîçíà÷èì êàê 〈·, ·〉.
λmax(A) è λmin(A) îçíà÷àþò, ñîîòâåòñòâåííî, ìàêñèìàëüíîå è ìèíèìàëü-

íîå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A.
Ìíîæåñòâî âñåõ ñèììåòðè÷íûõ d × d ìàòðèö îáîçíà÷èì ÷åðåç Sym(d),

ñèììåòðè÷íûõ ïîëîæèòåëüíî îïðåäåëåííûõ ìàòðèö � ÷åðåç Sym+(d).

2 Äèôôåðåíöèðîâàíèå îïòèìàëüíîãî òðàíñïîðòíîãî

îòîáðàæåíèÿ

Â Ëåììå 1 ïîêàçàíî, ÷òî ìàòðèöà îïòèìàëüíîãî òðàíñïîðòíîãî îòîáðàæåíèÿ
TSQ , îïðåäåëåííàÿ â (1), äèôôåðåíöèðóåìà ïî îòíîøåíèþ ê Q:

TSQ+X = TSQ +DT (X;Q,S) + o
(
‖X‖

)
, X → 0,

ãäå DT (·;Q,S) : Sym(d) → Sym(d) � ñàìîñîïðÿæåííûé îòðèöàòåëüíî îïðå-
äåëåííûé îïåðàòîð. Åãî ñâîéñòâà èññëåäóþòñÿ â Ëåììå 2.

Ëåììà 1. Äëÿ ëþáûõ ìàòðèö Q,S ∈ Sym+(d) âûïîëíÿåòñÿ

TSQ′ = TSQ +DT (Q′ −Q;Q,S) + o
(
‖Q′ −Q‖

)
, Q′ → Q,

ãäå

DT (X;Q,S) := −S1/2O>Λ−1/2δΛ−1/2OS1/2, (2)

O>ΛO � ñïåêòðàëüíîå ðàçëîæåíèå S1/2QS1/2:

O>ΛO = S1/2QS1/2, O>O = OO> = I, Λ = diag(λ);

è

δ = (δij)
d
i,j=1, δij :=

∆ij√
λi +

√
λj
, O>∆O = S1/2XS1/2.
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Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî îñíîâûâàåòñÿ íà äèôôåðåíöèðîâàíèè ÷ëå-

íà
(
S1/2QS1/2

)−1/2
, òàê êàê

DT (X;Q,S) = S1/2

[
dQ

(
S1/2QS1/2

)−1/2]
(X)S1/2.

Ðàññìîòðèì ñïåêòðàëüíîå ðàçëîæåíèå S1/2QS1/2:

S1/2QS1/2 = O>ΛO, (3)

ãäå Λ = diag(λ), à O � îðòîãîíàëüíàÿ ìàòðèöà. Çàôèêñèðóåì ïðîèçâîëüíûé
äîñòàòî÷íî ìàëåíüêèé X ∈ Sym(d) (òàêîé, ÷òî Q + X � 0) è îïðåäåëèì
∆ := OS1/2XS1/2O> (∆ íå îáÿçàòåëüíî äèàãîíàëüíàÿ). Ìàòðèöû TSQ è TSQ+X

ìîæíî ïåðåïèñàòü â ñëåäóþùåì âèäå:

TSQ = S1/2O>Λ−1/2OS1/2, TSQ+X = S1/2O>
(
Λ+∆

)−1/2
OS1/2. (4)

Ðàññìîòðèì ðàçëîæåíèå Òåéëîðà

(
Λ+∆

)1/2
= Λ1/2 + δ(∆;Λ) + o(‖∆‖), (5)

ñ ëèíåéíûì îïåðàòîðîì δ : Sym(d) → Sym(d). Â äàëüíåéøåì ìû îïóñòèì
çàâèñèìîñòü îò Λ è ∆, è áóäåì èñïîëüçîâàòü ïðîñòî δ. Âîçâåäÿ âûðàæåíèå
âûøå â êâàäðàò, èìååì

Λ+∆ = Λ+ Λ1/2δ + δΛ1/2 + o(‖∆‖).

Òàêèì îáðàçîì, ïîëó÷àåì ïîýëåìåíòíîå âûðàæåíèå äëÿ δ = (δij):

δij =
∆ij√

λi +
√
λj
. (6)

Òåïåðü îáðàòèì (5) è ïðèìåíèì ðàçëîæåíèå â ðÿä Íåéìàíà:

(Λ+∆)−1/2 =
(
Λ1/4

(
I + Λ−1/4δΛ−1/4 + o(‖∆‖)

)
Λ1/4

)−1
=

= Λ−1/4
(
I − Λ−1/4δΛ−1/4 + o(‖∆‖)

)
Λ−1/4 =

= Λ−1/2 − Λ−1/2δΛ−1/2 + o(‖∆‖).

Ñëåäîâàòåëüíî, äèôôåðåíöèàë
[
dQ
(
S1/2QS1/2

)−1/2]
(X) èìååò âèä

[
dQ

(
S1/2QS1/2

)−1/2]
(X) = O>Λ−1/2δΛ−1/2O. (7)

Ó÷èòûâàÿ (4), (5) è (6), ïîëó÷àåì, ÷òî

TSQ+X = TSQ +DT (X;Q,S) + o(‖X‖),

ãäå DT (X;Q,S) îïðåäåëåí ðàâåíñòâîì (2).
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Åñëè ýòî íå âûçûâàåò íåîäíîçíà÷íîñòè, ìû áóäåì îïóñêàòü çàâèñèìîñòü
îò Q èëè îò S, Q îäíîâðåìåííî è ïèñàòü ïðîñòî DT (X;S) èëè DT (X), ñî-
îòâåòñòâåííî. Ñëåäóþùèå äâå ëåììû ÿâëÿþòñÿ òåõíè÷åñêèìè, â íèõ èññëå-
äóþòñÿ íåêîòîðûå ñâîéñòâà îïåðàòîðà DT (·), íåîáõîäèìûå äëÿ ïîëó÷åíèÿ
ÖÏÒ.

Ëåììà 2. Îïåðàòîð DT (·) = DT (·;Q,S), îïðåäåëåííûé â (2), îáëàäàåò
ñëåäóþùèìè ñâîéñòâàìè

(I) ñàìîñîïðÿæåííîñòü;
(II) îòðèöàòåëüíàÿ îïðåäåëåííîñòü;
(III) îãðàíè÷åíèÿ íà ñîáñòâåííûå ÷èñëà: äëÿ ëþáîãî X ∈ Sym(d)

−〈DT (X), X〉 ≤
√
λmax(S1/2QS1/2)

2

∥∥∥Q−1/2XQ−1/2
∥∥∥
2

F
≤
√
λmax(S1/2QS1/2)

2λmin
2(Q)

‖X‖2F ,

− 〈DT (X), X〉 ≥
√
λmin(S1/2QS1/2

2

∥∥∥Q−1/2XQ−1/2
∥∥∥
2

F
≥
√
λmin(S1/2QS1/2)

2λmax
2(Q)

‖X‖2F ;

(IV) îäíîðîäíîñòü ñòåïåíè − 3
2 ïî îòíîøåíèþ ê Q: DT (X; aQ, S) = a−3/2DT (X;Q,S)

äëÿ ëþáîãî a > 0;
(V) ìîíîòîííîñòü ïî îòíîøåíèþ ê Q: åñëè Q 4 Q′, òî DT (·;Q,S) 4

DT (·;Q′, S) â ñìûñëå ñàìîñîïðÿæåííûõ îïåðàòîðîâ íà Sym(d).

Äîêàçàòåëüñòâî. Ïåðåïèøåì (2) ñëåäóþùèì îáðàçîì:

DT (X;Q,S) = −S1/2O>Λ−1/2δXΛ−1/2OS1/2,

ãäå ìàòðèöû O è Λ îïðåäåëåíû â (3), è

δX = (δXij )
d
i,j=1, δXij =

∆X
ij√

λi +
√
λj
, ∆X = OS1/2XS1/2O>.

(I) Ñàìîñîïðÿæåííîñòü. Ðàññìîòðèì ñêàëÿðíîå ïðîèçâåäåíèå

〈DT (X), Y 〉 = tr
(
DT (X)Y

)
= − tr

(
S1/2O>Λ−1/2δXΛ−1/2OS1/2Y

)
=

= − tr
(
Λ−1/2δXΛ−1/2OS1/2Y S1/2O>

)
.

Îáîçíà÷èì
∆Y := OS1/2Y S1/2O>.

Ïîëó÷àåì, ÷òî

− tr
(
Λ−1/2δXΛ−1/2OS1/2Y S1/2O>

)
= − tr

(
Λ−1/2δXΛ−1/2∆Y

)
=

= −
∑

i,j

δXij√
λiλj

∆Y
ij = −

∑

i,j

∆X
ij∆

Y
ij√

λiλj(
√
λi +

√
λj)

=

= tr
(
DT (Y )X

)
= tr

(
XDT (Y )

)
= 〈X,DT (Y )〉.

Ò.å., îïåðàòîð ÿâëÿåòñÿ ñàìîñîïðÿæåííûì.
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(II) Îòðèöàòåëüíàÿ îïðåäåëåííîñòü è (III) ñîáñòâåííûå ÷èñëà Îáî-
çíà÷èâ∆X ÷åðåç∆ è ó÷èòûâàÿ ïîëó÷åííîå âûøå âûðàæåíèå äëÿ ñêàëÿðíîãî
ïðîèçâåäåíèÿ, ïîëó÷àåì

−〈DT (X), X〉 =
d∑

i,j=1

∆2
ij√

λiλj(
√
λi +

√
λj)

=

d∑

i,j=1

(
∆ij√
λiλj

)2 √
λiλj√

λi +
√
λj
.

(8)

Çàìåòèì, ÷òî ôóíêöèÿ f(λi, λj) :=

√
λiλj√

λi+
√
λj

âîçðàñòàåò ïî îáîèì àðãó-

ìåíòàì, òàê ÷òî

max
i,j

f(λi, λj) =

√
λmax

2
, min

i,j
f(λi, λj) =

√
λmin

2
, (9)

ãäå λmax = λmax(Λ) = λmax

(
S1/2QS1/2

)
è λmin = λmin(Λ) = λmin

(
S1/2QS1/2

)
.

Äëÿ óäîáñòâà ââåäåì íîâóþ ïåðåìåííóþ

ξ := Q−1/2XQ−1/2,

Åå íîðìà ðàâíà

‖ξ‖2F = tr
(
XQ−1XQ−1

)
= tr

(
∆Λ−1∆Λ−1

)
=
∥∥∥Λ−1/2∆Λ−1/2

∥∥∥
2

F
.

Íàêîíåö, èç (8) è (9), ìîæíî ïîëó÷èòü ñëåäóþùèå îöåíêè íà ñêàëÿðíîå
ïðîèçâåäåíèå:

−〈DT (X), X〉 ≤ max
i,j

f(λi, λj)

d∑

i,j=1

(
∆ij√
λiλj

)2

=

√
λmax

2
‖ξ‖2F

è

−〈DT (X), X〉 ≥ min
i,j

f(λi, λj)

d∑

i,j=1

(
∆ij√
λiλj

)2

=

√
λmin

2
‖ξ‖2F .

Ó÷èòûâàÿ, ÷òî
‖X‖F
λmaxQ

≤ ‖ξ‖F ≤
‖X‖F
λminQ

,

îòñþäà ñëåäóþò îöåíêè íà ñîáñòâåííûå ÷èñëà DT (·).

(IV) Îäíîðîäíîñòü è (V) ìîíîòîííîñòü Îäíîðîäíîñòü íåìåäëåííî âû-
òåêàåò èõ ÿâíîãî âûðàæåíèÿ (2). Òåïåðü ïåðåéäåì ê äîêàçàòåëüñòâó ìîíî-
òîííîñòè. Èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà

〈DT (X), X〉 = tr
(
S1/2O>Λ−1/2δΛ−1/2OS1/2, X

)
=

=
〈
O>Λ−1/2δΛ−1/2O,S1/2XS1/2

〉
=

=

〈[
dQ

(
S1/2QS1/2

)−1/2]
(X), S1/2XS1/2

〉
=

=
〈[
dMM

−1/2
] (
S1/2XS1/2

)
, S1/2XS1/2

〉
,
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ãäå [dQ·](X) îïðåäåëåí â (7), à M := S1/2QS1/2. Äîñòàòî÷íî ïîêàçàòü, ÷òî
ïðè ôèêñèðîâàííîì X äèôôåðåíöèàë

[
dMM

−1/2] (·) ìîíîòîíåí ïî M . Çà-

ìåòèì, ÷òî îáðàòíûé îïåðàòîð
[
dMM

−1/2]−1 (·) â òî÷êåM ðàâåí äèôôåðåí-

öèàëó îáðàòíîãî îòîáðàæåíèÿ
[
dPP

−2] (·) â òî÷êå P =M−1/2:

[
dMM

−1/2
∣∣∣
M

]−1
(·) =

[
dPP

−2]∣∣
P=M−1/2 (·).

Â ñâîþ î÷åðåäü, ëåãêî ïðîâåðèòü, ÷òî

[
dPP

−2] (X) = −P−1
(
P−1X +XP−1

)
P−1.

Äàííûé îïåðàòîð ÿâëÿåòñÿ îòðèöàòåëüíî îïðåäåëåííûì è

〈
−P−1

(
P−1X +XP−1

)
P−1, X

〉
= −2 trP−2XP−1X.

Ðàññìîòðèì ïðîèçâîëüíûå M1 < M0 � 0 (ñëåäîâàòåëüíî, M
1/2
1 < M

1/2
0 ) è

Pi :=M
−1/2
i , i = 0, 1. Òîãäà äëÿ ëþáîãî çàäàííîãî X ∈ Sym(d) âûïîëíÿåòñÿ

− trP−21 XP−11 X = − trM1XM
1/2
1 X ≤ − trM0XM

1/2
0 X = − trP−20 XP−10 X,

ò.å.
[
dPP

−2]∣∣
P1

(·) 4
[
dPP

−2]∣∣
P0

(·), è ñëåäîâàòåëüíî äëÿ äèôôåðåíöèàëà

M 7→M−1/2 âûïîëíåíî îáðàòíîå íåðàâåíñòâî:
[
dMM

−1/2
]∣∣∣
M0

(·) 4
[
dMM

−1/2
]∣∣∣
M1

(·),

÷òî âëå÷åò ìîíîòîííîñòü DT (·;Q).

Ëåììà 3. Äëÿ ëþáûõ Q0, Q1, S ∈ Sym+(d) ðàññìîòðèì

Qt := (1− t)Q0 + tQ1, Q′ := Q
−1/2
0 Q1Q

−1/2
0 .

Èìåþò ìåñòî ñëåäóþùèå íåðàâåíñòâà:

2

λmin(Q′) +
√
λmin(Q′)

DT (·;Q0, S) 4
∫ 1

0

DT (·;Qt, S) dt 4

4 2

λmax(Q′) +
√
λmax(Q′)

DT (·;Q0, S) .

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

Qt = Q
1/2
0

(
(1− t)I + tQ′

)
Q

1/2
0 .

Èç îäíîðîäíîñòè è ìîíîòîííîñòè DT (·) (ñì. Ëåììà 2) ñëåäóåò, ÷òî

DT (·;Qt, S) 4 DT
(
·; ((1− t) + t λmax(Q

′))Q0, S
)
=

=
(
(1− t) + t λmax(Q

′)
)−3/2

DT (·;Q0, S)
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è

DT (·;Qt, S) < DT
(
·; ((1− t) + t λmin(Q

′))Q0, S
)
=

=
(
(1− t) + t λmin(Q

′)
)−3/2

DT (·;Q0, S).

Òàêèì îáðàçîì,

∫ 1

0

DT (·;Qt, S) dt 4 DT (·;Q0, S)

∫ 1

0

(
(1− t) + t λmax(Q

′)
)−3/2

dt =

=
2

λmax(Q′) +
√
λmax(Q′)

DT (·;Q0, S)

è, ñîîòâåòñòâåííî,

∫ 1

0

DT (·;Qt, S) dt <
2

λmin(Q′) +
√
λmin(Q′)

DT (·;Q0, S) .

3 ÖÏÒ äëÿ áàðèöåíòðîâ Âàñåðøòåéíà

Òåïåðü ìû ìîæåì äîêàçàòü öåíòðàëüíóþ ïðåäåëüíóþ òåîðåìó äëÿ ýìïèðè-
÷åñêèõ áàðèöåíòðîâ Qn.

Òåîðåìà 4 (Öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà äëÿ ýìïèðè÷åñêèõ
áàðèöåíòðîâ). Ïóñòü äàíî ðàñïðåäåëåíèå P íà Sym+(d), ó êîòîðîãî ñóùå-
ñòâóåò áàðèöåíòð Q∗. Ðàññìîòðèì i.i.d. ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ
ìàòðèö S1, S2, · · · ∼ P è ýìïèðè÷åñêèå áàðèöåíòðû Qn := bar(S1, . . . , Sn).
Qn èìåþò àñèìïòîòè÷åñêè íîðìàëüíîå ðàñïðåäåëåíèå:

√
n(Qn −Q∗)⇀ N (0,Ξ) ,

ãäå Ξ : Sym(d)→ Sym(d) � ñëåäóþùèé ëèíåéíûé îïåðàòîð:

Ξ := F−1 ◦Var
(
TSQ∗

)
◦ F−1, F (·) := −EDT (·;S,Q∗).

Äîêàçàòåëüñòâî. Ââåäåì îáîçíà÷åíèÿ

Ti := TSi

Q∗ , Tni := TSi

Qn
.

Ñîãëàñíî Ëåììå 1

Tni = Ti +

∫ 1

0

DT (Qn −Q∗;Qt, Si) dt =

= Ti +DT (Qn −Q∗;Q∗, Si) + α
(
Qn −Q∗;Qn, Si

)
(10)

ãäå Qt = (1 − t)Q∗ + tQn è α
(
X;Qn, S

)
= o

(
‖DT (X;Q∗, S)‖

)
ïðè Qn → Q∗

ðàâíîìåðíî ïî S è X â ñèëó Ëåììû 3. Çàìåòèì, ÷òî 1
n

∑
Tni = I, òàê êàê

Qn � áàðèöåíòð ìàòðèö S1, . . . , Sn. Óñðåäíÿÿ (10) ïî i, ïîëó÷àåì

I = Tn − Fn(Qn −Q∗) + αn
(
Qn −Q∗

)
, (11)
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ãäå

Tn :=
1

n

n∑

i=1

Ti, Fn(·) := −
1

n

n∑

i=1

DT (·;Q∗, Si), αn(·) :=
1

n

n∑

i=1

α(·;Qn, Si).

Îòìåòèì, ÷òî Fn(·) ÿâëÿåòñÿ âûáîðî÷íûì àíàëîãîì îïåðàòîðà F (·) :=
−EDT (·;Q∗, S). Íåñëîæíî âèäåòü, ÷òî F (·) êîððåêòíî îïðåäåëåí; äåéñòâè-
òåëüíî, â ñèëó Ëåììû 2 îí ÿâëÿåòñÿ ñàìîñîïðÿæåííûì, ïîëîæèòåëüíî îïðå-
äåëåííûì è îãðàíè÷åííûì:

‖F‖op ≤ E ‖DT (·;Q∗, S)‖op ≤ E
√
λmax(S1/2Q∗S1/2)

2λmin
2(Q∗)

<∞.

Â [4] ïîêàçàíî, ÷òîW 2
2 (µn, µ∗)→ 0 ï.í., ÷òî â íàøåì ñëó÷àå ýêâèâàëåíòíî

ñõîäèìîñòè Qn → Q∗. Òàê êàê Fn(·) → F (·) ïî çàêîíó áîëüøèõ ÷èñåë, è
αn(X) = o

(
‖Fn(X)‖

)
, èç (11) íåìåäëåííî ñëåäóåò, ÷òî

Qn = Q∗ + F−1
(
Tn − I

)
+ o

(∥∥Tn − I
∥∥) ;

F−1(·) îïðåäåëåí êîððåêòíî â ñèëó ïîëîæèòåëüíîé îïðåäåëåííîñòè F (·). Íà-
êîíåö, ïðèìåíÿÿ ÖÏÒ äëÿ Tn, ïîëó÷àåì óòâåðæäåíèå òåîðåìû.

Ñïèñîê ëèòåðàòóðû

1. C. Villani. Optimal Transport, Old and New. Springer-Verlag, Berlin�Heidelberg,
2009.

2. F. Santambrogio. Optimal Transport for Applied Mathematicians. Birkh�auser, Basel,
2015.

3. M. Agueh and G. Carlier. Barycenters in the wasserstein space. SIAM Journal on

Mathematical Analysis, 43(2):904�924, 2011.
4. T. Le Gouic and J.-M. Loubes. Existence and consistency of wasserstein barycenters.

ArXiv preprint, 2015.
5. Alexey Kroshnin. Fr�echet barycenters in the monge�kantorovich spaces. Journal of

Convex Analysis, 25(4), 2018.
6. J. Bigot and T. Klein. Consistent estimation of a population barycenter in the

wasserstein space. ArXiv preprint, 2015.
7. Asuka Takatsu. Wasserstein geometry of gaussian measures. Osaka Journal of

Mathematics, 48(4):1005�1026, 2011.

179


